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On the connection between solutions of Dirac and Maxwell
equations, dual Poincaré invariance and superalgebras of
invariance and solutions of nonlinear Dirac equations

W I Fushchich, W M Shtelen and S V Spichak
Institute of Mathematics, Repin Street 3, Kiev 4, USSR

Abstract. The connection between solutions of massless Dirac and Maxwell equations is
established. It is shown that the massless Dirac equation is invariant under three different
representations of the Poincaré algebra corresponding to spins 3 and 1 and 0, and under
three superalgebras. All generators of these symmetry algebras and superalgebras are local
(differential operators of first order). A system of two Dirac equations with masses m and
—m has analogous symmetry properties. Invariant nonlinear generalizations of this system
are described. We construct the complete set of P(1, 3)-inequivalent ansatze of codimension
1 for all representations of Poincaré algebra discussed, These ansétze are used for reduction
and finding exact solutions of some nonlinear Dirac equations.

1. Imtroduction

It is well known that the Dirac equation describes a particle with spin-3, or a fermionic
field, because it is invariant with respect to the representation D(%, 00® D(0,3}) of the
Poincaré algebra AP(1, 3). In this paper we will show that the massless Dirac equation
as well as the system of two coupled Dirac equations with masses m and —m are
invariant not only with respect to the spin % representation of AP(1, 3) but also under
integer spin represeniations of AP(1, 3). This means that Dirac equations describe not
only fermionic fields but also bosonic ones.

In section 2 we obtain formulae of connection between solutions of the massless
Dirac equation and Maxwell equations for a vacuum, so that one can construct solutions
of the Dirac equation knowing solutions of the Maxwell equations and vice versa.
Further, we show that the massless Dirac equation is invariant under three different
representations of the Poincaré algebra AP(1,3) and under three superalgebras. All
generators of these symmetries are differential operators of first order and belong to
the maximal in the sense of Lie invariance algebra of the equation. We shall call
invariance of an equation, with respect to different representations of the Poincaré
algebra, dual Poincaré invariance.

In section 3 we study dual Poincaré invariance of the Dirac equation with non-zero
mass and prove that the system of two coupled Dirac equations with masses m and
—m possesses this symmetry. It is worthwhile to note that the same Dirac system was
studied by Fushchich (1970, 1973) and by Petroni et af (1985, 1986). Fushchich (1970,
1973) had shown that the most symmetric (including discrete symmetries) spinor
representation of the Poincaré algebra is realized only on the system of two coupled
Dirac equations and such a realization is impossible on a single Dirac equation with -
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non-zero mass. We prove that the Dirac system under study is also invariant under
two superalgebras. Nonlinear dual Poincaré invariant generalizations of the equations
are considered.

In section 4 we construct the complete set of the P(1, 3)-inequivalent ansiitze of
codimension 1 for all representations of AP(1, 3) discussed in the previous sections.
These ansiitze reduce corresponding Poincaré invariant equation to a system of ordinary
differential equations {(opes). Here we essentially used results on the subalgebraic
classification of AP(1, 3) of Patera er al (1975) and Grundland et af (1984). It will be
noted that the P(i, 3)-inequivalent ansitze of codimenions 1 and 3 for the spin-} Dirac
field are fully described in Fushchich and Zhdanov (1989), Fushchich and Shtelen
(1987) and Fushchich er al (1989). Using ansiitze constructed, we make reductions
and find exact solutions of some nonlinear Dirac equations. An example solution of
a linear Dirac equation is considered. This solution is obtained by making use of the
vector representation of AP(1, 3) of the coupled Dirac equations. It has an unusual
structure and can be obtained as the invariant solution of the non-Lie symmetry
operator of second order. In conclusion we give operators which transform the fermionic
ansitze into bosonic ones.

2. The massless Dirac equation and Maxwell equations

Consider the massless Dirac equation

iyaw =iy"a,p=0 (2.1)
where ¥ = {x) is a four-component complex function {column), x={x"=¢, z}e
R(1,3), pn=0,3,d,=08/ax" and y" are 4 x4 Dirac matrices,
1 0 0 0 0O 0 01
N R o o010
Y = Y=
00 -1 0 0 -1 00
00 0 -1 -1 0 0 O
\ J \ / 22)
g ¢ 0 -1 0 0 1 0
, 10 0i o , {000
Y= . Y =
0 i 0 0 -1 0 0 0
-1 0 0 0 010 0

There is a connection between solutions of (2.1) and the Maxwell equations for a
vacuum (Shielen 1989):

EE%=th div E=0
(2.3)

. H .
HE(Z_:‘:—mtE div H=0

where E =(E,, E,, E;) and H=(H,, H,, H,) are vectors of electric and magnetic
fields. To establish this connection let us decompose an arbitrary solution of (2.1) into
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real and imaginary parts using the notation of Ljolje (1988):

_Dl Dz

, p, | |-F
¢=¢rea+1 imag = +i - (2-4)

e B R

-G B;

Theorem 1. Let ¢ defined by (2.4) be an arbitrary solution of the massless Dirac
equation (2.1). Then the functions

t
E=D+V I G(7, x) dr+V G(to, x)
N (2.5)

H=B+V j F(1,x) d7+ %V F(1, x)

to

where G(1y, x) and F(1,, x) satisfy the Poisson equations

o~
2
h
—"

=1y ar

I, is an arbitrary constant, are solutions of the Maxwell equations (2.3).

Proof. First of all we note that after substitution of (2.4) into (2.1) and separation into
real and imaginary parts we get Maxwell equations with currents

D-rotB=-YG divDb=-G
(2.7

B+rot D=-VF div B=—F

where D=(D,, D,, D), B={B,, B,, B;) and the dot means differentiation with respect
to t. So, the Dirac equation (2.1) and the system (2.7} are fully equivalent. Therefore,
taking into account (2.7) and the well known fact that every component of the
-function (2.4) obeying (2.1) satisfies the wave equation (Jy =0 (in particular,
AG(r, x) =3 G(r, x}/31%) we find after substitution of (2.5) into (2.3)

E~rotH=D+VG—-rot B=0

div E = div D+J AG(r, x) dr+AG (1, x)

'9*G -
= div D+J ____5(_}:_) dr+AG(1, x)
ta T
. 8G(r, x) =
=diVD+G——T—' +AG(1t, x)=0.
T T={p

In the last equality we have used (2.6). In the same spirit one can prove the validity
of the theorem for the second pair of Maxwell equations (2.3). Thus, the theorem is
proved. 0
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The inverse statement also holds true.

Theorem 2. Let there be given a solution E, H of the Maxwell equations (2.3} and
two solutions F and G of the scalar wave equation

OF=0G=0. (2.8)
Then the -function (2.4) with components F, G and

D,=E, —aa(r G(r, x)dr+G(ty, .\:))
" (2.9)
Ba=Ha_aa(-|‘ F(Ts I) d1'+ﬁ(t0,x))

where a=1, 2, 3, G(t,, x) and F(t,, x) are determined from (2.6), is a solution of the
massless Dirac equation (2.1).

Proof. Let us use the equivalence between the Dirac equation (2.1} and the system
(2.7). Having substituted (2.9) into (2.7) and taking into account {2.3}, (2.8) and (2.6),
we get

D-10t B+VG=E-VG+VG-rot H=0

div D+ G = div E+I AG(7, x)dr—AG(ty, x)+ G =0.
Analogously one has to act to prove the theorem for the rest of the equations of system
2.7). O

Theorem 2 has an important corollary: choosing F = G =0 we get from (2.9) D=E,
B =H, and in this case formula (2.4) takes the particularly simple form

_E] +iE2

o= . (2.10)

So, if E and H satisfy the Maxwell equations (2.3}, then ¢ given by (2.10) automatically
satisfies the Dirac equation (2.1), and one can consider relation (2.10) as a representa-
tion of the spinor field ¢ by an electromagnetic field E, H. It is appropriate to note
that if E and H are transformed under Lorentz boost as an electromagnetic Maxwell
field, then the ¢-function (2.10) is not transformed like a Dirac spinor (this point will
be discussed in detail below). It will be also noted that, according to theorem 1, the
procedure of obtaining solutions of the vacuum Maxwell equations (2.3) from those
of the massless Dirac equation (2.1) and the associated Poisson equations (2.6) is
unique to within a gauge transformation, whereas the inverse procedure, Maxwell -
Dirac, involves ambiguities due to the arbitrary choice of additional scalar fields F
and G satisfying (2.8). When we construct solutions of Maxwell equations via solutions
of the massless Dirac equation using formulae (2.5), then we have arbitrariness in
determining F and G. But this arbitrariness can be considered as gauge transformations
E->E=E+Vf(x), H> H = H+Vg(x)(fand g are arbitrary scalar functions satisfy-
ing the Laplace equation Af=Ag = 0), which leave invariant the Maxwell equations
(2.3). An analogous situation is when considering the inverse procedure (formulae
(2.9), Dirac equation in the form (2.7}).
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Consider an example. Let us take solutions of the Maxwell equations (2.3} and
wave equations (2.8) in the form

E=axx H=-2ar F=G=3r+x" {a@ = constant).

Then, by means of (2.9} and (2.4) one easily finds the following solution of the Dirac
equation (2.1):
—Tlaxx} ~20 ] +i[ (@ xXx),—2x,]
[{axx);—2mx,]—i(37+x%)

2t(a2+x2)+2it(a‘1+x,)

—(31*+ %) = 2it(a;+x3)
In terms of D, B, F, G from (2.4)

g =D>— B>+ F*~ G? (2.11)

=

and in the case of solution ¢ considered above we have
g = a’x’ —(a-x)* — 41 (a’+ 2a- x).
Let us make up a four-component -function as
®o
y=iya| &' : (2.12)
¥2
P3

where ¢, ..., ¢, are arbitrary solutions of the wave equation, that is (0% =0. Since
(iva)Y* =0, then the y-function (2.12) automatically satisfies the Dirac equation (2.1)
for any set of ¢,, O¢,=0. So, (2.12) and (2.4), (2.5) give the following chain
of solutions: scalar wave equation->massless Dirac equation-» vacuum Maxwell
equations.

It will be noted that Shtelen {1987) and Fushchich et af (1989) described a simple
prescription for obtaining solutions of linear partial differential equations with non-
trivial symmetry. It consists of the following. Let there be given a solution u of the
wave equation (Ou =0). Then the functions

U, = Hu u,=NHu, ... (2.13)

where % =2cxxd—x’cd+2cx (generator of conformal transformations) and ¢, are

arbitrary constants, will be also solutions of this equation. In particular, starting from
the simplest solution ¥ =1 we get from (2.13)

u, = cx wy = (ex)” —3c*x? us=(ex)P—Hex)e*x ... (2.14)

For further analysis it is convenient to consider the Dirac equation (2.1) together
with its conjugation and write it uniformly as

ir<a,¥=0 (2.15)
where ¥ =W¥{x) = column(du};), q'; = o™, I'" are 8§ matrices,
¥ 04 )
I = ( 2.16
0, —(v)7 (216)

y* are Dirac matrices (2.2), 04 is a 4% 4 zero matrix,
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Symmetry properties of (2.15) were studied first by Dirac who showed that the
equation is conformally invariant. Later, Pauli and Touschek found that this equation
also admits an eight-parameter group, Gy, of component transformations. And, finaily,
Ibragimov (1969) proved that a 23-parameter group, G,; = C(1, 3)® G, is the maximal
in the sense of the Lie invariance group of the equation. Relativistic invariance of
(2.15) is vsually understood as invariance with respect to the spinor representation

D{3,0)® D(0,5)® D{3,0)® D(0, 3) (2.17)

of the Poincaré group P(1, 3) (it means that ¥ is transformed under the Lorentz boost
as a spinor). However, the invariance of (2.15) under the Pauli-Touschek eight-
parameter group atlows two additional representations of AP(1, 3}, which are realized
on the set of solutions of (2.15), namety

D(1,00® D(0, 1)® D{0, 0)& D(0, 0) {2.18)

and
D(3,9)@ D(3,3). (2.19)

The explicit form of basis elements of AP(1, 3) for representations (2.17)-(2.19) is

AP("’(1,3)=<P,L—5—;,J““)—x P, x,,P#+Sﬂ‘,,)> (2.20)
where k=1, 2, 3 corresponds to (2.17)-(2.19), respectively;

xnguvxp gpr»:{l:_ls_l:_l}a,uv
and matrices S' are

Suv=—4Tl,,T.] S =80+Q,,

S(3) S(Z) 5832]: S(22) S(3)u (2) 2003 (221)

5(132)': 5{122) S(lg)= (2) -2Qn (3) (2)“2023

Here I',, are the same as in (2.16); Q.. are six basis elements of the Pauli-Touschek
algebra, they are & x 8 matrices of the form

0 __1( 0, -i7°y2) 0 __1( 04 “7°72)
2Ny 0, T2\ 0

1/ —vs 0) i(I4 04) (

1 1 2.22)
Qo3 2(04 ve Q2 2\, -1,

_l( 0, —7‘3/3) 0 _i( 0,4 7'73)
PTa\-y'y 0, P2\ o,

where
0, I

f0 0,23 2 2

ys=iv"y' v’y (I2 02)

L, I, are 2x2 and 4 x 4 unit matrices. It will be noted that the action of operators
(2.20) is defined in the space of the eight-component function introduced in (2.15).
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Invariance of (2.15) under AP'¥(1, 3) resuits in the possibility of representing this
equation in the form (2.7}, and invariance of (2.15) under AP'¥(1,3) allows us to
rewrite it as {Ljolje 1988)

3,A, =3, A, —3€,,,,(3"B —3"B*) =0

2.23
3,A"=9,B"=0 (2.23)
where

_A2 —AI
. ~B"| .| A°

d’ = d’real + "pimag = _Bl +1 Bz (224)
B’ -A°

Now consider the following three sets of symmetry operators of (2.15):
SAY =(P,, S\, Ta, I; Qu.) (2.25)

where P,, J' and Q,, are defined in (2.20) and (2.22), T, are given in (2.16),

[, =T°T'I’I". These sets of operators form Lie algebras as well as superalgebras.

Operators P,, JU), T',, I are even and Q,, are odd in corresponding superalgebras.

To prove this statement we write down commutation and anticommutation relations
for these operators.

Operators P, and J'Y) satisfy standard commutation relations of the Poincaré
algebra AP(1,3)

[Pu.spv]=0 [Posjuv]”_‘ga,,npv—go‘vpu
[qua Jpo’] = gvp-]y.cr-l_guajvp _g,u.pjucr _guo-Jp.u

I, and I commute with all elements of SA™’. Further, it is convenient to introduce
the notation

R.=Qua T = 3846cQhc Nirk) = Jf)? M&;k) = %Snbcjgt-)- (2.27)
It is easy to check that

{Ra, Ry} = R.R,+ R,R, =18,

{Ta, Tb}=—%5ab1 {R,, T} = 8al 4.
Operators R, T, from SA'” commute with all even operators of SA'". For SA® we have

[P., R]=[P,, T.]=0

[Ngz)’ R,)=[R., Ry] = eapc T,

[N, T,1=[Ra, To]l = —£ascR, (2.29)

(M, R]=(T,, R]=—eucR.

[MP, T,]1=[T., T,]= —6an T.-

Superalgebra SA® is isomorphic to SA'®. The isomorphism is achived by means of
the transformations

R,~» R,=-R, T,»T,=-T, T,» To=—Th. (2.30)

(2.26)

(2.28)

So, the structure of superalgebras (2.25} is fully described. The superalgebras (2,25)
do not belong to the semi-simple family, but the quotient by their radical is simply
S0(1, 3).
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3. Dirac equations with non-zero mass possessing dual Poincaré invariance

The Dirac equation for a massive particle (field)
(iy*a, —m)g =0 (3.1)

where y* are given in (2.2) and m is an arbitrary real constant (mass of the particle),
is invariant under a l4-parameter group only (Ibragimov 1969}, which includes the
Poincaré group, and identical, phase and two charge-type transformations. As always,
we are factoring out an infinite-dimensional ideal, present for any linear equation, and
corresponding to the linear superposition principle. It is to be emphasized that we are
considering group action on the field of real numbers, and therefore identical ¢’ =e*y
{a is an arbitrary real constant) and phase transformations i'=¢"*y should be
distinguished.

The above-mentioned four-parameter group of component transformations is not
sufficient to construct a non-spinor representation of AP(1, 3), as was done in the case
of the massless field. The situation can be improved by considering the system of two
Dirac equations

{iyo—m)y_=0 (iyo+m)g, =0, 3.2)
The full information on Lie symmetry of this system gives the following statement.
Theorem 3. The maximal in the sense of the Lie invariance algebra of system (3.2) is

a 26-dimensional Lie algebra A,,=AP"(1,3)® A,,, with basis elements having the
form

d 4
APY(1,3) = <PM = J=x,P, —x,,P#+SL‘,3>

(3.3)

. A 2

A s ={ matrices 16 x 16 of the form 5
where
A Ly -~ ~ F 0
Sio=—ill,, ] ru=(0;‘ T )
fra

(A. i) =(I, Qm » Qoz, Qoa) (3-4)
(E,i)=(0u, Q!Js Qz:; | WY T4=FOF1F2F3

(matrices 8x8 I', and Q,, are defined in (2.16) and (2.22)), and acting in the space
of 16-component functions

¥ = column(¥ _¥,) =column(¢_, y_= yod*, ¥, = yob%). (3.5

Proof. First of all we write system (3.2) together with its conjugation as
(ifa, —m)¥ =0 (3.6)

where ¥ =¥(x) is defined in (3.5). To prove the theorem is to find the general form
of infinitesimal operator of invariance

Q=¢"(x)a.+ n(x) (3.7)
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where £*(x) are scalar functions and %(x) is a 16 X 16 matrix. It can be done by means
of the standard Lie algorithm (see Olver 1986), but the simplest way is to use the
invariance condition in the form

[L, Q]=A({x)L (3.8)

where L is the operator of {(3.6), L= if“‘aﬂ —m, and A(x) is some scalar smooth function,
Starting from (3.8) one gets, after some simple but tedious calculations, the proof of
the theorem. O

Invariance of the system (3.6) with respect to the matrix algebra A 4 (3.3) allows
a vector representation of AP(1, 3), which can be realized on the set of solutions of
this system. This representation is

F(D(1, 0D D0, 1))P4D(0, B). (3.9)
It is defined by the basis elements
APP(1,3)=(P,, JO =70+, (3.10)

where P, and J U2 are given in (3.3),

Q. 0 , )
A =[(03 Qu.,) if (g, #)={(0,1), (0,2), (1,2}

. 08 Qy.v . .

if (u, v)=((0,3),(1,3),(2,3))
Qp.u 08

and matrices 8 X8 Q,, are given in (2.22). Invariance of (3.6) with respect to AP'?(1, 3)

(3.10) means that (3.6) describes not only spinor particles (fermionic fields) but also

a coupled system of vector and scalar particles (bosonic fields).

—
L
—
-

g

Now consider the foliowing two sets of symmeiry operaiors of equation {3.6):
SAV=(P,, I, Tu, I; Q) i=1,2 (3.12)
where
A 0y 1"4)
= 313
(e (3.13)

Ty is given in (3.4). These sets of operators form Lie algebras as well as superalgebras.
Operators P, Jﬁ,f.’,, T4, I are even, and Q,, are odd in corresponding superalgebras.
Superalgebras (3.12) are isomorphic to those from (2.25). The isomorphism is achieved

by means of the transformations

P.>P, IO Jo r,»1, I->1 Q.. 0. (3.14)
In conclusion of this section let us consider a nonlinear generalization of (3.6)

possessing dual Poincaré invariance.

Thearem 4. The equation

(i, —~ F(I¥, gMP) ¥ =0 (3.15)
where ¥ is defined in (3.5),
o 05 T,
V= row(y_¢Idyl) M =( ¢ 8) (3.16)
Iy 0g

and F is an arbitrary smooth function, is invariant under the two Poincaré algebras
(3.3) and (3.10).
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Proof. One can make sure that the operator 1I‘“6 commutes with all generators of the
considered Poincaré algebras. Further, the quantities &, ¥ M ¥ are absolute invariants
of these Poincaré algebras. Thus, the theorem is proved.

It will be noted that

T& =2(J_¢_+d.,) UMY =2§_p. +,0.) (3.17)

where ¢_, ., are four-component functions, . = (y.)" y,. O

4. P (1, 3)-inequivalent ansitze, reduction and solutions of nonlinear Dirac equations

The nonlinear equation (3.15), as we have shown, is dual Poincaré invariant and
therefore it unites fermionic and bosonic fields. Such unification opens new ways to
solve the general problem of unification forces and fields.

It is important to find exact solutions of (3.15). Of course, we shall be looking for
classical solutions, but these solutions may be very useful as basic ones in the corre-
sponding quantum theory. It is to be emphasized that the standard procedure of
quantization, when the complete set of solutions of a given equation is quantized
according to bosonic or fermionic rules, may be misleading because our equation may
have bosonic and fermionic subsets of solutions simultaneously (the simplest example
is the massless Dirac equation considered in section 2). Therefore, it is more preferable
to quantize separate families of solutions, having established beforehand what rep-
resentation of the Poincaré algebra is realized on them.

To find exact solutions of equations of the type (3.15) we construct PP(1, 3)-
inequivalent ansétze of codimension 1. These ansétze reduce a given equation to ODEs.
The general form of such an ansatz is

V(x)= A(x)p(w) (4.1)

where A(x) is 16 x 16 matrix, ¢ is 16-component function (column) depending on the
new variable . Matrix A(x) and the new independent variable w are determined from
the equations (Fushchich and Shtelen 1983)

QA(x) = (£X(x)a,. + m(x))A(x) =0
Ex(x)d,w(x) =0 k=1,2,3

(4.2)

where (Q,, Q,, @) is a three-dimensional subalgebra of AP(1, 3). The full description
of subalgebras of AP(1, 3) is given in Patera et af (1975) and Grundland et al (1984).
Fushchich and Shtelen (1987) (see also Fushchich ef al 1989) have used one-
dimensional subalgebras of AP(1, 3} to construct ansitze of codimension 3 for the
Dirac spinor field. Ansitze of codimension 1 for the Dirac spinor field are fully
described in Fushchich and Zhdanov (1989). We present the complete set of P(1,3)-
inequivalent ansitze of codimension 1 for a 16-component field (3.5} in table 1. Basis
elements of AP'’(1,3) are given in (3.3) and (3.10).
In table 1 « and B are arbitrary non-zero constants,

G = O 4 FO = (xx0+ x3) Py + X ( Py — P3)+SA<()'}<)+SA32 (4.3)

S(” are given in (3.4) and Sff3= §S3+ Q“,, see (3.10) and (3.11)).



Connection between solutions of Dirac and Maxwell equations

Table 1. PU(1, 3)-inequivalent ansitze (4.1) of codimension 1 for field (3.5).

No  Algebra Alx) w
1 Py, P, P, 1 X
2 P, P, P 1 Xq
3 -P, P, P 1 Xt Xy
4 JO.P, P, exp[~ s‘“’ tn(xo+x3)] xI-x3
3 8, P, P-F exp[~S§ In{xo+x3)) X3
RO *2 &)
6 JostaP,, Py, Py €xXp ";Soa Xy
. Xy A
7 I+ap, By—-P, P, exp(—;2 S.‘,”) o In{Xp+ %3 ) — x;
. a x
8 Y, P, Py exp(S‘.'z) tan”' x—') x+x2
2
fci) *o a0y
9 Sip—abPy Py, Py exp "ﬂ‘sm X3
10 J¥+ap, P, P, exp(wﬁ s‘i";) %o
11 jgiz)_Pu"'Pa, PPy exp(~1 x3—xu)SAg‘,_’) Xt X
. X A .
12 G(II)SPO_P31 P, expj : {S(nlx)"'s.gll])] Xt X,
Xo+ X3
. x -
13 G, B—P,, Pi+al, exp[—zw(s"wsg'ﬂ)] xp+ X,
a{X;+x,)
14 G{+p, P, P—P, expl~x,(§5 + §4] X+ X3
15 G‘ii)_P09 Py Pa— Py exp[(xo-‘rx;)(S(’) (!))] 23‘1"’("0"'3‘3)1
16  G{-p, P,— P, expl(xo+%)( 557+ S 20— ax,} — a(xg+ x3)°
P +aP,
A s | A X
17 Ji+el(Q, Py, Py expl:; (857 +a8{)) tan™ x—;] xi+x3
18 JO+ad), Py, Py expl~(${3+ a8®) In(xo+ x)] xg—x3
(i) ) _
v Gi" Gy, Po= Py exp{‘ ! [xl(S("+S'“)) X+ X3
Xo+ X3
+12(S(') (e))]}
(1) (i) —
2GR, G e p[ o Nt BB (g0 60y ey
+B8P,, Py~ P, {xg+ x3)(xg+ %3+ B) —
X ‘XZ(XO*—XS) (S‘gz)‘F 5,‘5,2))]
{(xg+x)(xptx3+B)—a
0 04 P+
21 G, Gy'+ P+ BP,, exp|:~— Xy ( (-)) Xo+ X3
Po— Py Xpt+ X3
x
2 S(r)+S(l)
x0+x3+,6( oz )
+ X2 ( (l)+S(tl)]
(xp+x3 )Xo+ x5+ 8)
. . X A f
22 GG+ P, P— Py exp[» L (8§ + SN X+ Xs
Xot+ X5

X3
xo+x3+1

(S(')+S(')):|

1693
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Table 1. (continued)
No  Algebra Alx) w
R, X A A

5GP, exp| -2 850+ 810 | Bmximx]

. % exp[~85” In(xy+x;)]
24 —’.‘“fis]"'“’p +8P,, GI7, o Inlx;+x;0—x; &tir . Gu 1

P,— exp LT (5570 + 5(33}_‘ X — § In(xy+ x4)

3

25 J9-p+py, GY, G exp{—

R O R O

xexp[— 88 In(xy+x,}]

xS+ 5§ Xp+x
x0+x3[ 1{(Spy i) ot Xy

x5+ $n]

Vs X x ‘( )\
S i
i trew )

[, (S0 + 84 x-x

Xpt Xy
+xz<sa-;+s‘;?n}

x exp[— (885 + 81} In(x,+ x3)1

Let us substitute ansitze (4.1) from table 1 into (3.15). As a result we obtain the
following reduced ODEs:

(N
)
(3)
(4)
(5)

(6)

™)

—
oo
—

(9)

(10)

(11)

(12)

[?¢+iRp =0

¢ +iR¢ =0

(1°+1%)é +iRp =0

~(F'+ 1) 86 + [w(T*+ %)+ (F°- 1)} +iRp =0
~([°+17) S0 +1¢ +iRp =0

1 A Ay = -
1,80 +T"d+iR¢p =0
o
1 A A A A - .
—— 8P +[a(T+T) e ™/ *—[?]d +iRp =0
o

fomll i 3NNt 7 R,
L @Ting =4y

1 -~ A LY -
—I'S\Y¢+1Pgd+iRp =0
o

1aian g
=180+ +iRp =0
[£3

Y -0 g +(I+T2)d+iRd =0

1ay sy A no | Ra
——T'(86)+ 58 +(I°+[*)é+iRp =0
w



Connection between solutions of Dirac and Maxwell equations 1695

(13) i(rl PS5+ 89+ (1949 + 1R =0

(14) ~F2(8§)+ SN p+ (M +T)d+iRp =0
(15) (89 + SWD+ 1) +2["d+iRp =0
(16) (s") ST+ +2(—afMd +iRp =0

(17) ;—— (S0 + a8 ¢+ 2vw [2d +iR¢p =0
(18) [+ + aSD o + [T+ + (- 1%)]¢ +iRd =0
(19) ——[r (8§ + 8h + TS0+ 8 je + (I +T)d+iRp =0

(20} [w(w+B)—a] [al?—(w+B)")(SW + 8D
+H(I = l)(SE+ 8¢ + (I°+ %) +iRo = 0.

(21) (- +(0+8) TS + S
~1%w+8)7'(88+ 8¢ +(T*+)d +iRg =0.

(22) [——rl(s“’ Sy —r—:l(§‘” ‘”)]¢+(r"+r3¢+1R¢ 0.
(23) —{(r°+r3)s<f’+r*(s(') §iNe + [T+ )+ -1 +iRé =0.
(24) —[([+T) S+ P8+ SN + T2 - B+ +iRe =0.
(25) 2SS+ T + 18001 + T+ ") +iRe =0.
(26) —[([O+T)SE+ (S5 + ST + (88 + SH1e
+ (P4 )+ (°-1)1d+iRé =0. (4.4)

Enumerations {1)-(26) in {4.4) correspond to those of the ansiitze in table 1; the
dot denotes differentiation with respect to the corresponding & and R = F(¢$¢, dMd).

Below we obtain some solutions of reduced ODEs (4. 4) in the case of a non-standard
representation of AP(1, 3) realized by matrices S‘z’— “’+ Qw, (see (3.4), (3.10) and
(3.11)). The cases with $¢ are analogous to those considered in Fushchich and Shtelen
{1983, 1987), Fushchich et al (1989) and Fushchich and Zhdanov (1989).

First of all we note that the condition of compatability for equations (3), {12)-(14),
(19) and (22) in (4.4) results in R= F($¢, dMd) =0, and therefore such cases are
rather trivial,

Consider equation (5) in (4.4), choosing

R=2xp"™ p=d¢ (4.5)

where A, k # 0 are arbitrary real constants, From equation (5) we find as a corollary
{or condition of compatibility)

_di . 1/2 l—{ 2A !4.“."7!( : \ : 1
dw® \ 1+2k”
¢, is an arbitrary real constant. A particular solution of (4.6) is

po)=(c-1352 w) (47)
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¢ is an arbitrary real constant. Let us go back to equation (5) in (4.4). Using (4.7) we
obtain a linear oDE and its general soiution has the form

i(1—2k) o
¢=exp[Fi—2——)—F21n(c 2)[;‘)}

142k o, s a
X exp{-T (T°+TH 8,

2k+2

([c—nw/(l +2k)}2"“+ 1 ﬂ} 8
\ 2k+2 2k - 2ha/(1+ 20 11X (“8)

where y is an arbitrary 16-component constant column satisfying the conditions

g [fz([c =200/(1+2K) %" {c-2)w/(1 +2k)‘2")

2Aak

=0 £+ 1) Gyl 2x = —ip(F+ 1) )zémx=m. (4.9)

Let us write down the general solution of equation (5} in (4.4) in the case of the spinor
representation (i =1). It can be found without difficulty and has the form
¢ = exp{o DT+ 1) +ir(ex) > Ix (4.10)

where y is an arbitrary 16-component column.
Consider equation (15) in (4.4). In this case, by analogy with (5) in (4.4) considered
above, we find

d’ 2Ak
a}%m\p”zk(mp‘“”’#co) ko 4

and then

¢ (w) =exp[il"B(w)] exp[éf‘(éu.+ Qs )(I°+T7)

X(J‘ COShB(y)dy+if“J’ sinhﬁ(y)dy)]x (4.11)
where

xx =90

-Bi A - LYY - - Ao A3 _ 2/\k

AL (Qor+ Q)T +I7)x =ix(Qor + Q@ (I’ +r)X_m

Aw
Blw)=—(1+2k) ]n(6*1+2k).
Analogously, in the case of equation (16) in (4.4) we have

dzPZ= A , 1/2k( 2Ak p1+1/2k+c)
de* 1+a 1+2k
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and

#l0) =exp( 3 - o))

] - A ol ~ A A
x CXP[Z(—ITZ_ ( Qo1+ Qsl)(F°+F3)((F' —al?)

“  By) J B(y) )]
h —=—d .
XJ c m y+ivli+a?® mdy X (4.12)
where
Aw
=—{(14+2k)In{ c ————————
Alw)=—( )n(c (1+2k)«/1+a2)
Xx =0
f(ém*és:)(f‘o"‘fﬁ)(f‘l_af‘z)){
kA
=i17a 7(On+ On) (FO+ ) 2—-;(+1;—k")

Now consider an example of obtaining an exact solution of the standard Dirac
equation with non-zero mass

(iya—m)yp_=0 (4.13)

using symmetry AP'¥(1, 3} (3.10) of system (3.2) (or, to be more exact, of the equivalent
systern {3.6)). Let us take a two-dimensional subalgebra (I‘Iﬁ), ~- P of AP¥(1, 3).
the corresponding ansatz for (3.5) has the form

P(x)= exp(S%) tan™"' 2)¢(w)
3

w={w,, 0} w; =Xyt Xx; (x2+x3)”2 (4.14)
Taking into account the identities
5(2)"5“)"'0‘\23 [5235 Q,:]1=0
we find from (4.14) the ansatz for _:
1 i i 1
5-0=3 (1 = rmm) Jo-@) =3 (14 S Onn ) et 419
2 [ 2 L)
Further, it is convenient to introduce the notation
1 i ,
Z(w)*'“—w +3g, Yies H(w)=3(@_~iy,7:04). (4.16)
By means of (4.16) we rewrite (4.15) as
Y_=(x;—v2¥3x)Z+ H. (4.17)

After substitution of (4.17) into (4.13) we get the following system of reduced equations

aH 8Z .
2y Z +{vot v1) Ty, =—imH
Jw, dw,

(4.18)

aZ eH ]
(yot 'Yl)wz +'}’3ﬁ’2 =—1m wiz.
6w2
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We shall look for solutions of this system in the form
Z = w3 Alwy) expli( vot 1) f (1))
H = B{w,} exp[i(yo+ y1) f(w))]

where A and B are some 4 x4 matrices and f is an arbitrary differentiable function.
Now one can easy solve (4.18) and write down the solution of (4.13),

1 1
P_(x)= Lw_z (yaxst+ 73x3)11(imw2)+Jo(imw2)J expli(y,+ 'Yl)f(fﬂl)]x (4.19)

where J, and J; are Bessel functions and y is a four-component constant.

It is noteworthy that ansatz (4.15) has, due to its construction, a vector rather than
spinor nature and therefore solution (4.19) of the Dirac equation (4.13) cannot be
obtained within the framework of local symmetry of (4.13). Indeed, ansatz {4.15) (and
therefore solution (4.19)) is invariant with respect to operators Py— P, and J3;,+4,
(23 =x,P5— X3P, —3v,v,), the latter being a non-Lie one (differentional operator of
second order).

In conclusion, let use note that there is a simple connection between P?'(1,3)-
invariant ansitze and P"'(1, 3) invariant ones. Since

S2=80+Q,,
(see (3.4), (3.10) and (3.11}), we can write
T3 (x) = exp(f (1) Q)T (x) (4.20)

where f(x) is some smooth function, Q is an element of six-dimensional Pauli-
Touschek algebra (3.11}. It is natural to consider relation (4.20) as a connection between
bosonic and fermionic fields.
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